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A Low-dim Subspace (PCA)

Learning a Low-dim Subspace

Assumption: the support of the data distribution is on a single low-dim
linear subspace S.

Problem: how to identify base of the subspace from finite noisy samples?
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A Low-dim Subspace (PCA)

Geometry: Fitting a Linear Model to Data

Find a “best” hyperplane or subspace to fit a given set of noisy data
[Boscovich 1750, Legendre 1805, Gauss 1809, Wiener 1942, Kalman 1960, Ben
Logan 1960, Lasso 1996, Basis Pursuit 1998, Compressive Sensing 2000’s]:

Figure: Left: ϵ ∼ 1
2b exp

(
− |ϵ|

b

)
; Right: ϵ ∼ 1√

2πσ
exp

(
− ϵ2

2σ2

)
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A Low-dim Subspace (PCA)

Algebra: Low-Rank Matrix Approximation

Matrix approximation by rank-1 factors [Beltrami and Jordan 1870’s]:

Y = σ1u1v
⊤
1 + σ2u2v

⊤
2 + · · ·+ σdudv

⊤
d +E,

Low-rank matrix approximation [Eckart and Young 1936]:

Given a matrix of samples: Y = [y1,y2, . . . ,yn] ∈ Rm×n. (1)

find a matrix X⋆ such that

X⋆ = argmin
X
∥Y −X∥22 subject to rank(X) ≤ d. (2)
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A Low-dim Subspace (PCA)

Statistics: Principal Component Analysis (PCA)
Approximate a high-dim random vector y by the d < m components as:

y = u1w1 + u2w2 + · · ·+ udwd + ϵ
.
= Uw + ϵ ∈ Rm, (3)

where Ud = [u1,u2, . . . ,ud] ∈ O(m, d), w = [w1, w2, . . . , wd]
⊤ ∈ Rd,

such that the variance of the residual ϵ ∈ Rm is minimized [Pearson 1901,
Hotelling 1933, Jolliffe 1986]:

min
Ud,w

E
[
∥y −Udw∥22

]
. (4)

Figure: Left: linear regression; Right: principal component analysis.
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A Low-dim Subspace (PCA) Singular Value Decomposition

Theorem: Singular Value Decomposition (SVD)

Any matrix A ∈ Rm×n with rank r ≤ min{m,n} can be decomposed into
the following form:

A = UrΣrV
⊤
r = [u⃗1, u⃗2, . . . , u⃗r]


σ1 0 · · · 0

0 σ2
. . . ...

... . . . . . . 0
0 · · · 0 σr



v⃗⊤1
v⃗⊤2
...
v⃗⊤r

 , (5)

where

Ur
.
= [u⃗1, u⃗2, . . . , u⃗r] orthogonal,

Vr
.
= [v⃗1, v⃗2, . . . , v⃗r] orthogonal,

Σr
.
= diag{σ1, σ2, . . . , σr} > 0 diagonal.
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A Low-dim Subspace (PCA) Singular Value Decomposition

Visualization of SVD
Any matrix A ∈ Rm×n with rank r ≤ min{m,n} can be decomposed into
the following form:

A = UrΣrV
⊤
r = [u⃗1, u⃗2, . . . , u⃗r]


σ1 0 · · · 0

0 σ2
. . . ...

... . . . . . . 0
0 · · · 0 σr



v⃗⊤1
v⃗⊤2
...
v⃗⊤r

 . (6)
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A Low-dim Subspace (PCA) Singular Value Decomposition

Theorem: How to Compute SVD

Consider the eigenvalue decomposition of the real symmetric matrix:

A⊤A =

r∑
i=1

λiv⃗iv⃗
⊤
i = VrΛrV

T
r ∈ Rn×n (7)

with λi ≥ λi+1 ≥ 0 ordered and Vr
.
= [v⃗1, v⃗2, . . . , v⃗r] ∈ Rn×r orthogonal.

Let σi =
√
λi and u⃗i =

1
σi
Av⃗i ∈ Rm for i = 1, . . . , r. Then we must have

σi ≥ σi+1 ordered, Ur
.
= [u⃗1, u⃗2, . . . , u⃗r] ∈ Rm×r orthogonal and

A =

r∑
i=1

σiu⃗iv⃗
⊤
i = UrΣrV

⊤
r , Σr

.
= diag{σ1, . . . , σr} =

σ1 0 0

0
. . . 0

0 0 σr

 .
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A Low-dim Subspace (PCA) Power Iteration

How to Compute SVD: Power Iteration
The Power Iteration Algorithm:
• Construct the real symmetric matrix M

.
= A⊤A ∈ Rn×n.

• Draw a random vector z0 ∈ N (0, In×n) ∈ Rn.
• For t = 0, 1, 2, . . . , compute iteratively:

zt+1 ←
Mzt
∥Mzt∥2

(8)

till {zt} converges to the first singular vector u1.

This is essentially a “denoising” process
and converges geometrically fast O(e−t).
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A Low-dim Subspace (PCA) Power Iteration

Theorem: Solution to PCA via SVD

Given a matrix of n samples of y: Y = [y1,y2, . . . ,yn] ∈ Rm×n, let
Y = UΣV ⊤ be its Singular Value Decomposition (SVD):

Y =

r∑
i=1

σiu⃗iv⃗
⊤
i =

d∑
i=1

σiu⃗iv⃗
⊤
i +

r∑
i=d+1

σiu⃗iv⃗
⊤
i . (9)

Then the best rank-d approximation to Y is given by:

X⋆ =

d∑
i=1

σiu⃗iv⃗
⊤
i

.
= UdΣdV

⊤
d . (10)

The optimal estimate for the principal components [u1, . . . ,ud] of y is
given by [u⃗1, u⃗2, . . . , u⃗d].
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A Low-dim Subspace (PCA) Power Iteration

Denoising Against a Linear Subspace

Figure: Geometry of PCA. A data point x (red) is projected onto the subspace
spanned by Ud (blue arrow), as x̂ = UdU

⊤
d x (green).

Ud

x

x̂ = UdU
⊤
d x

ε

Interpretation as a two-layer “deep” network:
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Dictionary Learning: General Case
A Fundamental Problems in Data Analysis:
Given an n-dimensional signal: y ∈ Rn, find a transformation
T : Rn → Rm or its “inverse” D : Rm → Rn, such that

x = T [y], or y = Dx

where x highly compressible or the sparsest possible.
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Figure: Sparse Representation Left: a generic vector y ∈ Rn, Right: a sparse
representation x = T [y], after a proper transformation T .
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Introduction: History of Finding Good Transform

Figure: Joseph Fourier, 1768− 1830

• Fourier Transform D = F

• Wavelet Transform D = W

• Dictionary Learning
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Introduction: Fourier Transform

Assumption:
The signal y is band-limited and
sparse in frequency domain: yk =∑n−1

l=0 xl · e−
i2π
n

kl (y = Fx.)

Figure: Fourier Transform

Figure: Lena Compression using
Discrete Cosine Transform (JPEG)
[pip18]
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Introduction: History of Finding Good Transform

Figure: Alfred Haar, 1855− 1933

• Fourier Transform D = F

• Wavelet Transform D = W

• Dictionary Learning
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Introduction: Wavelet Transform
Assumption:
Signal y is piece-wise smooth, scale-
invariant, etc: y = Wx, W ∗W =
I.

Figure: Haar & Daubechies Wavelets

Figure: Lena Compression using
Wavelet Transform (JPEG2000)
[Jor06]
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Why Dictionary Learning?

Limitations of traditional “by-design” methods:
• A transform is not optimal for signals that do not satisfy the

conditions under which the transform is designed (e.g. DCT not ideal
for images).
• For different classes of signals, we need to design different transforms

(e.g. all the x-lets), which may not even be possible if the properties
are not clear.

For a given class of signals, can we directly “learn” the
corresponding optimal transform, from many signal samples?
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Dictionary Learning: General Case

Given n-dimensional input data: {y1, . . . ,yp}, ∀i ∈ [p],yi ∈ Rn, find a
dictionary D ∈ Rn×m and its corresponding coefficients {x1, . . . ,xp},
xi ∈ Rm, such that

yi = Dxi, ∀i ∈ [p], (11)

and xi is sufficiently sparse. That is to factor the data matrix Y into two
structured unknowns: a matrix D and a sparse matrix X:

Y =

 | |
y1 . . . yp

| |


︸ ︷︷ ︸

Observations

=

d1,1 . . . d1,m
... . . . ...

dn,1 . . . dn,m


︸ ︷︷ ︸

Dictionary D

 | |
x1 . . . xp

| |


︸ ︷︷ ︸
X is sparse, ∥xi∥0≪m

= DX.
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Dictionary Learning: General Case

Challenges:
• Computational complexity

Optimizing a nonconvex bilinear problem is generally NP-hard.
• Sample complexity

Combinatorially many possible patterns of k-sparse x.
• Signed permutation ambiguities
∀P ∈ SP(m), 1 (D⋆P ,P ∗X⋆) and (D⋆,X⋆) are equally sparse.

Some heuristic algorithms:
• K-SVD [AEB+06]
• Alternative Direction Methods [SQW17]

Learn the dictionary with tractable algorithms and sample size?

1SP(m) denote m dimensional signed permutation group, a group of orthogonal
matrices whose entries contain only 0,±1.
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Complete Dictionary Learning
A Random Model:
For complete dictionary learning, [SWW12] assumes data Y is generated
by a complete2 dictionary Do ∈ Rn×n and sparse coefficients Xo:

Y = DoXo,

where Xo follows a Bernoulli Gaussian model:

Xo = Ω ◦G, 3 Ωi,j ∼iid Ber(θ), Gi,j ∼iid N (0, 1).

Preconditioning:
[SQW17] shows that learning a complete dictionary is equivalent with
learning an orthogonal one through preconditioning

Ȳ ←
( 1

pθ
Y Y ∗)− 1

2Y = DoXo, with Do ∈ O(n).

2square and invertible
3◦ denote element-wise product: ∀A,B ∈ Rn×m, {A ◦B}i,j = ai,jbi,j
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Learning a Mixture of Low-dim Subspaces

Assumption: the support of the data distribution is a mixture of
low-dimensional orthogonal subspaces.

Problem: how to identify bases of the subspaces from finite noisy
samples?
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Complete Dictionary Learning
Assumes data Y is generated by a complete orthogonal dictionary Do

and sparse coefficients Xo:

Y = DoXo,

where Xo follows a Bernoulli Gaussian model:

Xo = Ω ◦G, Ωi,j ∼iid Ber(θ), Gi,j ∼iid N (0, 1).

Reduced to find the sparsest direction in a subspace:
1 Do is complete =⇒ row(Y ) = row(Xo)

2 Rows of Xo form a sparse basis of row(Y ).
3 Find x1, the sparsest vector in the subspace row(Y ).
4 Find xi, the sparsest vector in row(Y )\{x1, , . . . ,xi−1}.
5 Recover Do by: Do = Y X∗

o (XoX
∗
o )

−1.
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Complete Dictionary Learning – Prior Arts

R
p

sparsest?

Finding the sparsest vector in row(Y )
can be naïvely formulated as:

min
q
∥q∗Y ∥0 , s.t. q ̸= 0.

Or minimize the ℓ1 norm on a sphere
[SQW17, BJS18] (next lecture):

min
q
∥q∗Y ∥1 , s.t. ∥q∥2 = 1.

Or maximize the ℓ4 norm (this lecture):
max
q
∥q∗Y ∥44 , s.t. ∥q∥2 = 1.

Solving the same optimization n times (high computation cost)!

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 24 / 74



Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Intuition for ℓ1 and ℓ4 Norm

Figure: ℓ1-,ℓ2-, and ℓ4-spheres in R2

Minimizing ℓ1 norm or maximizing ℓ4

norm both promote sparsity or spiki-
ness [Wright and Ma, 2022]:

argmin
q∈Sn

∥q∥1 ⇔ argmin
q∈Sn

∥q∥0 .

argmax
q∈Sn

∥q∥4 ⇔ argmin
q∈Sn

∥q∥0 .

Solving the same optimization n times (high computation cost)!
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Intuition for ℓ4 Norm Maximization [ZYL+19]

Consider finding the whole dictionary by the following nonconvex program:

max
A∈O(n;R)

f(A) = ∥AY ∥44 , (12)

which is equivalent to

max
A∈O(n;R)

∥X∥44 , s.t. Y = A∗X, (13)

where maximizing ℓ4 norm with spherical constraints is promoting “spiki-
ness” [ZKW18].
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Related Works of ℓ4 Norm

• Spherical Harmonic Analysis [SW81, Lu87].
• Independent Component Analysis (ICA) [HO97, HO00]
• Sum of Square (SoS) [BKS15, MSS16, SS17]
• Blind Deconvolution [ZKW18, LB18]
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Main Results I
Theorem: Relation to a Deterministic Objective
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthog-
onal matrix, and Y = DoXo. Then ∀A ∈ O(n;R), the expectation of
∥AY ∥44 is determined by function over O(n;R):

1

3pθ
EXo ∥AY ∥44 = (1− θ) ∥ADo∥44 + θn. (14)

Global Maxima of the Deterministic Objective

W⋆ ∈ argmax
W∈O(n;R)

∥W ∥44 ⇐⇒ W⋆ ∈ SP(n) (15)

Global maxima of ∥ADo∥44 are the correct dictionaries
(up to signed permutation)!

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 28 / 74



Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Main Results I
Theorem: Relation to a Deterministic Objective
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthog-
onal matrix, and Y = DoXo. Then ∀A ∈ O(n;R), the expectation of
∥AY ∥44 is determined by function over O(n;R):

1

3pθ
EXo ∥AY ∥44 = (1− θ) ∥ADo∥44 + θn. (14)

Global Maxima of the Deterministic Objective

W⋆ ∈ argmax
W∈O(n;R)

∥W ∥44 ⇐⇒ W⋆ ∈ SP(n) (15)

Global maxima of ∥ADo∥44 are the correct dictionaries
(up to signed permutation)!

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 28 / 74



Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Main Results I
Theorem: Relation to a Deterministic Objective
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthog-
onal matrix, and Y = DoXo. Then ∀A ∈ O(n;R), the expectation of
∥AY ∥44 is determined by function over O(n;R):

1

3pθ
EXo ∥AY ∥44 = (1− θ) ∥ADo∥44 + θn. (14)

Global Maxima of the Deterministic Objective

W⋆ ∈ argmax
W∈O(n;R)

∥W ∥44 ⇐⇒ W⋆ ∈ SP(n) (15)

Global maxima of ∥ADo∥44 are the correct dictionaries
(up to signed permutation)!

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 28 / 74



Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Main Results II

Theorem: Correctness of Global Optimal
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any
orthogonal matrix, and Y = DoXo. Suppose Â⋆ is a global maximizer of
optimization:

max
A
∥AY ∥44 , s.t. A ∈ O(n;R), (16)

then for any ε ∈ [0, 1], there exists a signed permutation matrix
P ∈ SP(n), such that 1

n

∥∥∥Â∗
⋆ −DoP

∥∥∥2
F
≤ Cε, with probability at least

1− 1
p , when p = Ω(θn2 lnn/ε2), for a constant C > 4

3θ(1−θ) .

With nearly minimal # samples, w.h.p., global maxima of ∥AY ∥44
are arbitrarily close to the correct dictionary!
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Complete Sparsifying Dictionary (DL) Linear Transform and Dictionary Learning

Main Results II
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Complete Sparsifying Dictionary (DL)

Optimization Algorithm

The program:
max
A

f(A)
.
= ∥AY ∥44 , s.t. A ∈ O(n;R)

seems to be the worst case for optimization:
• concave objective;
• geometric constraints;
• very high dimensional.

Try projected (Riemannian) gradient descent anyway:

At+1 = PO(n)[At + α∇f(At)] = PO(n)[At + α 4(AtY )◦3Y ∗︸ ︷︷ ︸
∂At

].
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Complete Sparsifying Dictionary (DL)

Optimization Algorithm

Solve the program:
max
A

f(A)
.
= ∥AY ∥44 , s.t. A ∈ O(n;R)

with projected (Riemannian) gradient descent:

At+1 = PO(n)[At + α∇f(At)] = PO(n)[At + α 4(AtY )◦3Y ∗︸ ︷︷ ︸
∂At

].

Lecture 9: Oracle Model. Gradient Descent Methods 9-3

Figure 9.1: Representation of Proposition 9.2. From [2].

Algorithm 1: Projected Subgradient Method

Input: x1, {⌘s}s�1, stopping time t;
for s = 1, . . . , t do

x̃s+1 = xs � ⌘sgs,where gs 2 @f(xs),

xs+1 = ⇧C(x̃s+1).

end

Figure 9.2: Representation of projected gradient descent. From [2].

We state and prove the convergence of this algorithm under di↵erent assumptions.

9.3.1 Lipschitz functions

We first address the case of �-Lipschitz objective functions. We provide results that hold both in the case
of a fixed step size (when the step size depends on the total number of iterations t to be executed, chosen

A happy accident:
observed that this converges faster as α→∞!

Why?
something to do with power iteration. (later...)
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Complete Sparsifying Dictionary (DL)

The MSP Algorithm I

A novel algorithm, with Matching, Stretching (or Sparsifying) and
Projection (MSP) to maximize ∥AY ∥44:

Algorithm MSP Algorithm on ℓ4 Dictionary Learning

1: Initialize A0 ∈ O(n,R) ▷ Initialize A0 for iteration
2: for t = 0, 1, ...
3: ∂At = 4(AtY )◦3Y ∗ ▷ Matching and Stretching4

4: UΣV ∗ = svd(∂At)
5: At+1 = UV ∗ ▷ Project A onto orthogonal group
6: end for
7: Output At+1, ∥At+1Y ∥44 /3npθ, ∥At+1Do∥44 /n

4∇A ∥AY ∥44 = 4(AY )◦3Y ∗
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Complete Sparsifying Dictionary (DL)

A Few Interpretations

NOT Gradient Descent!

“Fixed point” interpretation:

At+1 = PO(n)[∂At] = PO(n)[(AtY )◦3Y ∗].

“Deep learning” interpretation: δAt+1 = At+1A
∗
t and Zt = AtY ,

δAt+1 = PO(n)[(Zt)
◦3Z∗

t ], X ← δAt+1δAt . . . δA1︸ ︷︷ ︸
forward constructed layers!

Y .

“Stochastic batch” variation:

δAt+1 = PO(n)[(Z̃t)
◦3Z̃∗

t ], Z̃t ⊆ Zt.
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The MSP Algorithm II

Since ∥ADo∥44 has a linear relation with 1
npEXo ∥AY ∥44, a similar

algorithm also can be applied to maximize ∥ADo∥44:

Algorithm MSP Algorithm on ℓ4 over Orthogonal Group

1: Initialize A0 ∈ O(n,R) ▷ Initialize A0 for iteration
2: for t = 0, 1, ...
3: ∂At = 4(AtDo)

◦3D∗
o ▷ Matching and Stretching

4: UΣV ∗ = svd(∂At)
5: At+1 = UV ∗ ▷ Project A onto orthogonal group
6: end for
7: Output At+1, ∥At+1Do∥44 /n
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Complete Sparsifying Dictionary (DL)

One Run of the MSP Algorithm

Figure: One run of the MSP algorithm for maximizing ∥ADo∥44 over orthogonal
group O(3) with Do = I.
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Complete Sparsifying Dictionary (DL)

Convergence Guarantee of the MSP Algorithm
Theorem (Local Convergence of the MSP Algorithm)
Given an orthogonal matrix A ∈ O(n;R), let A′ denote the output of
the MSP Algorithm 2 after one iteration: A′ = UV ∗, where UΣV ∗ =
SVD(A◦3). If ∥A− I∥2F = ε, for ε < 0.579, then we have ∥A′ − I∥2F <

∥A− I∥2F and ∥A′ − I∥2F < O(ε3).

Figure: Cubic Function from ℓ4. Figure: Thresholding from ℓ1.
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Convergence Guarantee of the MSP Algorithm
Theorem (Local Convergence of the MSP Algorithm)
Given an orthogonal matrix A ∈ O(n;R), let A′ denote the output of
the MSP Algorithm 2 after one iteration: A′ = UV ∗, where UΣV ∗ =
SVD(A◦3). If ∥A− I∥2F = ε, for ε < 0.579, then we have ∥A′ − I∥2F <

∥A− I∥2F and ∥A′ − I∥2F < O(ε3).

Generalization to all Signed Permutation Matrices
The Identity can be generalized to any signed permutation matrix!
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MSP algorithm in Maximizing ∥AY ∥44

Figure: The value of 1
3npθ ∥AY ∥44 and 1

n ∥ADo∥44 in two experiments with different
settings: left: n = 50, p = 20000, θ = 0.3, right: n = 100, p = 40000, θ =
0.3. The MSP algorithm converges quickly and smoothly with dozens of
iterations.
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Complete Sparsifying Dictionary (DL)

MSP algorithm in Maximizing ∥AY ∥44

Figure: Initial value and final value of 1
3npθ ∥AY ∥44 and 1

n ∥ADo∥44 for dictionary
learning, with n = 100, p = 40000, θ = 0.3, left: with initial values; right: without
initial values. All 100 trials converge to the global optima within statistical
errors.
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Phase Transition of the MSP algorithm

Figure: Phase transition plot of average normalized error
∣∣∣1− ∥ADo∥44 /n

∣∣∣ for 10
trials of MSP algorithm 1 with n = 50. Red area indicates large error and blue area
small error. Plot shows results for varying p versus θ. The algorithm successes
even when θ is up to 0.6!
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Complete Sparsifying Dictionary (DL)

Phase Transition of the MSP algorithm

Figure: Phase transition plot of average normalized error
∣∣∣1− ∥ADo∥44 /n

∣∣∣ for 10
trials of MSP algorithm 1 with θ = 0.5. Red area indicates large error and blue
area small error, left: n from 10 to 100 and p from 103 to 104, right: changing
n from 100 to 103 and p from 104 to 105. The number of samples p
needed is quadratic in n.

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 41 / 74



Complete Sparsifying Dictionary (DL)

Optimal Choice of ℓ2k Norm

Figure: Experiments with different ℓ2k norm. Left: Maximizing ∥A∥2k2k for different
order k. Right: Average normalized error of

∣∣∣1− ∥ADo∥2k2k /n
∣∣∣ for maximizing

∥AY ∥2k2k for 20 trials, with n = 10, varying k and p. ℓ4 strikes a good
balance between convergence and concentration.
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Comparison with the State of the Art

KSVD Subgradient MSP (Ours)
Trials Error Time Error Time Error Time
(a) 12.35% 51.2s 0.27% 35.6s 0.34% 0.4s
(b) 8.63% 244.4s 0.28% 354.9s 0.34% 1.5s
(c) 6.15% 684.9s 1.28% 6924.6s 0.35% 7.6s
(d) 8.61% 1042.3s N/A > 12h 0.35% 48.0s
(e) 13.07% 5401.9s N/A > 12h 0.35% 374.2s

Table: Comparison experiments with KSVD [AEB+06] and Subgradient method
[BJS18] in different trials of dictionary learning: (a) n = 25, p = 1× 104, θ = 0.3;
(b) n = 50, p = 2 × 104, θ = 0.3; (c) n = 100, p = 4 × 104, θ = 0.3; (d)
n = 200, p = 4× 104, θ = 0.3; (e) n = 400, p = 16× 104, θ = 0.3. Recovery error
is measured as

∣∣1 − ∥ADo∥44 /n
∣∣. All experiments are conducted on a 2.7 GHz

Intel Core i5 processor (CPU of a 13-inch Mac Pro 2015).
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MSP versus PCA on the MNIST Dataset [LBB+98]

Figure: Bases learned from the MNIST dataset. Left: Some selected “meaningful” bases
learned through MSP; Right: Top bases learned through PCA.
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MSP versus PCA on the MNIST Dataset [LBB+98]

Figure: Reconstruction result comparison between MSP and PCA using different number
of bases.
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MSP versus PCA on the MNIST Dataset [LBB+98]

Figure: Reconstruction result comparison between MSP and PCA using different number
of bases.
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Complete Sparsifying Dictionary (DL)

Generalization to Stiefel Manifold [ZMZM20]

Figure: ℓ1-,ℓ2-, and ℓ4-spheres in R2

Given data matrix Y ∈ Rn×p, recall
the ℓ4 dictionary learning

max
A∈O(n;R)

1

4
∥AY ∥44 , (17)

where the orthogonality constraint
A ∈ O(n;R) can be viewed as en-
forcing orthogonality constraint of n
unit vectors.

Can we further reduce computa-
tion complexity if we are only in-
terested in the top k(1 ≤ k ≤ n)
bases?
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Complete Sparsifying Dictionary (DL)

Generalization to Stiefel Manifold

Consider generalized Dictionary Learning from orthogonal group to Stiefel
manifold St(k, n;R):5

max
W

1

4
∥W ∗Y ∥44 s.t. W ∈ St(k, n;R) ⊂ Rn×k. (18)

The MSP Algorithm can also be generalized to finding the top k bases:

Wt+1 = PSt(k,n;R) [∇Wϕ(Wt)] = UtV
∗
t , (19)

where UtΣtV
∗
t = SVD[Y (Y ∗Wt)

◦3].

5For any 1 ≤ k ≤ n, St(k, n;R) .= {W ∈ Rn×k : W ∗W = Ik}.
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Complete Sparsifying Dictionary (DL)

Relation with Geometric Interpretation of PCA

For data matrix Y ∈ Rn×p:
• PCA aims at finding the top (k) left singular vector(s) of Y :

max
W

1

2
∥W ∗Y ∥2F s.t. W ∈ St(k, n;R)

can be considered as finding a direction (a k-dimensional subspace) in
row(Y ) where Y has the largest ℓ2 (Frobenius) norm.
• ℓ4-Norm maximization

max
W

1

4
∥W ∗Y ∥44 s.t. W ∈ St(k, n;R)

aims at finding a direction (a k-dimensional subspace) in row(Y )
where the projection of Y has the largest ℓ4-norm.
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Relation with Statistical Interpretation of PCA

View each column yj , j ∈ [p] of data matrix Y as an n dimensional
random vector that are i.i.d. drawn from a distribution of random variable
y. Let Yc denote the centered Y :Yc

.
= Y

[
I − 1

p11
∗
]
. Then:

• maxW∈St(k,n;R)
1
2 ∥W

∗Yc∥2F finds the top k uncorrelated projections
of y with largest sample variance.
• maxW∈St(k,n;R)

1
4 ∥W

∗Yc∥44 finds the top k uncorrelated projections
of y with largest 4th order moments.
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Relation with ICA and 4th Order Moment

In Independent Component Analysis (ICA) [HO97, HO00], finding
maximizer or minimizer of kurtosis:

kurt(w∗y) = E[w∗y]4 − 3 ∥w∥42 (20)

can identify one independent component of y.

Importance of 4th Order Statistics

• The 4th order statistics carries more “abnormal” information regarding
nonnormality [Hub85, DeC97, CZY17]
• The distributions of real data (images) are usually not Gaussian

[LPM03, HHH09].
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Fixed-Point Style Algorithms
• PCA

• Optimization: max
w∈Sn−1

φ(w)
.
=

1

2
∥w∗Y ∥22

• Algorithm: wt+1 = PSn−1 [∇wφ(wt)] =
Y Y ∗wt

∥Y Y ∗wt∥2• ICA
• Optimization:

max
w∈Sn−1

ψ(w)
.
=

1

4
kurt[w∗y] =

1

4
E [w∗y]

4 − 3

4
∥w∥42

• Algorithm:
wt+1 = PSn−1 [∇wψ(wt)] =

E
[
y (y∗wt)

3]− 3 ∥wt∥22 wt∥∥E [
y (y∗wt)

3]− 3 ∥wt∥22 wt

∥∥
2

• DL
• Optimization:

max
W∈St(k,n;R)

ϕ(W )
.
=

1

4
∥W ∗Y ∥44

• Algorithm:
Wt+1 = PSt(k,n;R) [∇Wϕ(Wt)] = UtV

∗
t ,

where UtΣtV
∗
t = SVD[Y (Y ∗W )◦3].
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Gradient-Based Fixed Point Algorithms
Newton’s Method [1669]: finding
the zero x⋆ of a function f(x) such that
f(x⋆) = 0 as a fixed point to the mapping:

xt+1 = g(xt) = xt −
f(xt)

f ′(xt)
. (21)

Table: PCA (Power iteration), ICA (FastICA), and DL (MSP) all are fixed-point
algorithms based on projected gradient descent.

Objectives Constraint Sets Algorithms

Power Iter. φ(w)
.
= 1

2
∥w∗Y ∥22 w ∈ Sn−1 wt+1 = PSn−1 [∇wφ(wt)]

FastICA ψ(w)
.
= 1

4
kurt[w∗y] w ∈ Sn−1 wt+1 = PSn−1 [∇wψ(wt)]

MSP ϕ(W )
.
= 1

4
∥W ∗Y ∥44 W ∈ St(k, n;R) Wt+1 = PSt(k,n;R) [∇Wϕ(Wt)]
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Different Types of Imperfect Measurements

Data are distributed around a mixture of low-dimensional subspaces or
Gaussians, possibly with noise, outliers, and corruptions
[Vidal, Ma, and Sastry, 2016].

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 54 / 74



Complete Sparsifying Dictionary (DL)

Imperfect Measurements Type I: Noise

Noisy Measurements: YN := Y +G, G ∈ Rn×p is matrix with
gi,j ∼iid N (0, η2) and η > 0 the variance of the noise.

Proposition (Objective with Small Noise)
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthogonal
matrix, and Y = DoXo. For any orthogonal matrix W ∈ O(n;R) and any
random Gaussian matrix G ∈ Rn×p, gi,j ∼iid N (0, η2) independent of Xo, let
YN = Y +G denote the data with noise. Then the expectation of ∥W ∗YN∥44 is:

1

np
EXo,G ∥W ∗YN∥44 = 3θ(1− θ)

∥W ∗Do∥44
n

+ Cθ,η,

where Cθ,η is a constant depending on θ and η.
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Imperfect Measurements Type II: Outliers

Measurements with Outliers: YO := [Y ,G′], where YO contains extra
columns (G′ ∈ Rn×τp)6 that is generated from an independent Gaussian process
g′i,j ∼iid N (0, 1), and τ controls the portion of the outliers, w.r.t. the clean data
size p.

Proposition (Objective with Outliers)
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthogonal
matrix and Y = DoXo. For any orthogonal matrix W ∈ O(n;R) and any random
Gaussian matrix G′ ∈ Rn×τp, g′i,j ∼iid N (0, 1) independent of Xo, let YO =

[Y ,G′] denote the data with outliers G′. Then the expectation of ∥W ∗YO∥44 is:
1

np
EXo,G′ ∥W ∗YO∥44 = 3θ(1− θ)

∥W ∗Do∥44
n

+ Cθ,

where Cθ is a constant depending on θ.

6When τp is not an integer, τp is rounded to the closest integer.
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Imperfect Measurements Type III: Corruptions
Measurements with Sparse Corruptions: YC := Y + σB ◦ S, where σ > 0
controls the scale of corrupting entries, B ∈ Rn×p is a Bernoulli matrix with
bi,j ∼iid Ber(β), where β ∈ (0, 1) controls the ratio of the sparse corruptions, and
entries si,j of S ∈ Rn×p are i.i.d. drawn from a Rademacher distribution:

si,j =

{
1 with probability 1/2

−1 with probability 1/2
.

Proposition (Objective with Sparse Corruptions)
∀θ ∈ (0, 1), let Xo ∈ Rn×p, xi,j ∼iid BG(θ), Do ∈ O(n;R) is any orthogonal
matrix and Y = DoXo. For any orthogonal matrix W ∈ O(n;R) and any random
Bernoulli matrix B ∈ Rn×p, bi,j ∼iid Ber(β) independent of Xo, let YC = Y +
σB ◦S denote the data with sparse corruptions, and S ∈ Rn×p is defined as (57).
Then the expectation of ∥W ∗YC∥44 is:

1

np
EXo,B,S ∥W ∗YC∥44 = 3θ(1− θ)

∥W ∗Do∥44
n

+ σ4β(1− 3β)
∥W ∥44

n
+ Cθ,σ,β ,

where Cθ,σ,β is a constant depending on θ, σ and β.
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Complete Sparsifying Dictionary (DL)

Numerical Experiments I

Figure: n = 50, p =
20, 000, θ = 0.3, varying
η2 from 0.1 to 0.4

Figure: n = 50, p =
20, 000, θ = 0.3, varying
τ from 0.1 to 0.4

Figure: n = 50, p =
20, 000, θ = 0.3, σ = 1,
varying β from 0.1 to 0.4

Figure: Normalized ∥W ∗Do∥44 /n of the MSP algorithm for dictionary learning,
using imperfect measurements YN ,YO,YC , respectively.
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Numerical Experiments II

Figure: Noise:
n = 50, θ = 0.3

Figure: Outliers:
n = 50, θ = 0.3

Figure: Corruptions:
n = 50, θ = 0.3

Figure: Average normalized error |1− ∥W ∗Do∥44 /n| of 10 random trials for the
MSP Algorithm: (a) Varying sample size p and variance of noise η2; (b) Varying
sample size p and Gaussian Outlier ratio τ ; (c) Varying sample size p and sparse
corruption ratio β, with fixed σ = 1.
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Real Image Data: MNIST

Figure: Top Bases learned from imperfect measurements of MNIST.

Ma (IDS& CDS, HKU) IAISS 2025 September 21, 2025 60 / 74



Complete Sparsifying Dictionary (DL)

Real Image Data: Single Image

Figure: The top 12 bases learned from all 16× 16 patches of Barbara, both with (right)
and without (left) Gaussian noise. The noisy image is produced by adding Gaussian noise
to the clean image, resulting in SNR of 5.87.

Figure: The top 12 bases learned from all 8× 8× 3 color patches of the clean and noisy
image, respectively. Here, the SNR of the noisy image is 6.56.
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Real Image Data: Single Image

(a)

(b)

(c)

Figure: Representations of three 16 × 16
patches from Barbara w/ and w/o noise.
Each selected patch is visualized, both w/
and w/o noise, and the top 6 corresponding
bases are shown.

(a)

(b)

(c)

Figure: Representations of three 8 × 8 ×
3 patches from duck w/ and w/o noise.
Each selected patch is visualized, both w/
and w/o noise, and the top 6 corresponding
bases are shown.
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Complete Sparsifying Dictionary (DL)

Real Image Data: CIFAR-10

Figure: All 8×8×3 = 192 bases learned from 100, 000 random 8×8 colored patches sam-
pled from the CIFAR-10 data-set. (a) Learned Bases from clean CIFAR-10; (b) Learned
Bases from CIFAR-10 with Gaussian noise, SNR = 6.23; (c) Learned Bases from CIFAR-
10 with 20% of Gaussian outliers; (d) Learned Bases from CIFAR-10 with 50% of sparse
corruptions.
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Complete Sparsifying Dictionary (DL)

Summary

[ZYL+19]:
• The MSP algorithm solves complete dictionary learning holistically.
• The sample complexity Ω(n2 lnn) corroborates with experiments.
• Special symmetries help nonconvex optimization.

[ZMZM20]:
• The MSP algorithm is a fixed-point type algorithm just like Power-iteration

[Jol11] and FastICA [HO97].
• The MSP algorithm is robust to stable to noise, robust to outliers and resilient to

sparse corruptions.
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Over-Complete Sparsifying Dictionary (ISTA & LISTA)

A Low-Dimensional Subspace
Canonical example:
subspace U ∈ RD×d (d ≤ D):

x
f=U⊤

−−−−−−−−→ z
g=U−−−−−−→ x̂

Principal component analysis:

min
U

E
[
∥x−UU⊤x∥22

]
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Over-Complete Sparsifying Dictionary (ISTA & LISTA)

Sparsity and Sparse Coding
A significant generalization: unions of subspaces

ℓ0 “norm”: # of nonzero entries, ∥x∥0 = |{i | xi ̸= 0}|.

Given (learned) A ∈ RD×d (d≫ D), represent x as a sparse code:
f(x) = argmin

z
∥z∥0 s.t. x = Az

x
f−−−−→ z

g=A−−−−−−→ x̂
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Over-Complete Sparsifying Dictionary (ISTA & LISTA)

How to Learn: Optimization for Low-Dim Structures

We can compute sparse coding with (proximal) gradient descent

f(x) = min
z≥0
∥x−Az∥22 + λ∥z∥1

1 Given the current code zℓ, gradient descent to better fit x;
2 Without moving too much, sparsify the updated code

Then f(x) = z∞, where

zℓ+1 = ReLU
(
ηA⊤x+

(
I − ηA⊤A

)
zℓ − λη1

)
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Unrolled Optimization: From Objectives to Deep Networks

Recall the sparse coding objective:

f(x) = min
z≥0
∥x−Az∥22 + λ∥z∥1

Then f(x) = z∞, where

zℓ+1 = ReLU
(
ηA⊤x+

(
I − ηA⊤A

)
zℓ − λη1

)
Truncate the network, and learn its parameters
using data.

This approach is called LISTA [Gregor and Lecun,
2010].
=⇒ each layer learns its own dictionary!
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More Supporting Materials

A Textbook:
High-Dim Analysis with Low-Dim Models
https://book-wright-ma.github.io/
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with 
Low-Dimensional 

Models
Principles, Computation, and Applications

From the foreword by EMMANUEL CANDÈS

“Students will learn a lot from reading this 

book … They will learn about mathematical 

reasoning, they will learn about data models 

and about connecting those to reality, and 

they will learn about algorithms. The book 

also contains computer scripts so that we 

can see ideas in action, and carefully crafted 

exercises making it perfect for upper-level 

undergraduate or graduate-level instruction. 

The breadth and depth make this a refer-

ence for anyone interested in the mathemat-

ical foundations of data science.”

“At the very core of our ability to process 

data stands the fact that sources of informa-

tion are structured. Modeling data, explic-

itly or implicitly, is our way of exposing this 

structure and exploiting it, being the essence 

of the fields of signal and image processing 

and machine learning. The past two decades 

have brought a revolution to our understand-

ing of these facts, and this ‘must-read’ book 

provides the foundations of these recent 

developments, covering theoretical, numer-

ical, and applicative aspects of this field in 

a thorough and clear manner.”

PROFESSOR MICHAEL ELAD, CS Depart-

ment, Technion

Connecting theor y with practice, this 

systematic and rigorous introduction covers 

the fundamental principles, algorithms, and 

applications of key mathematical models 

for high-dimensional data analysis. Compre-

hensive in its approach, it provides unified 

coverage of many dif ferent low-dimen-

sional models and analytical techniques, 

including sparse and low-rank models, 

and both convex and non-convex formula-

tions. Readers will learn how to develop 

efficient and scalable algorithms for solving 

real-world problems, supported by numer-

ous examples and exercises throughout, 

and how to use the computational tools 

learnt in several application contexts. 

Applications presented include scientific 

imaging, communication, face recognition, 

3D vision, and deep networks for classifica-

tion. With code available online, this is an 

ideal text for senior and graduate students 

in electrical engineering, computer science, 

and data science, as well as for those 

taking courses on sparsity, low-dimensional 

structures, and high-dimensional data. 

wright-ma

Cover image created by Robert Webb’s “Stella” 

software: www.software3d.com/Stella.php.

A Course:
Berkeley EECS208/HKU DATA8001
https://pages.github.berkeley.edu/UCB-EECS208/course_site/

https://book-wright-ma.github.io/Lecture-Slides/
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Thanks! & Questions?
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